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Structural Failure Probability Estimation
Based on Quasi Ideal Importance Sampling Simulation

Masaaki YONEZAWA*, Shoya OKUDA** and Hiroaki KOBAYASHI***

This paper describes a quasi ideal importance sampling simulation combined with the conditional expectation
method in a simulation-based structural reliability estimation. The marginal probability densities of a quasi ideal
importance sampling are constructed numerically. The ranges of the basic random variables are split into several
segments and the conditional failure probabilities are calculated at the center of the respective segments and the
conditional failure probabilities are determined and the structural failure probability is evaluated approximately by a
piecewise integration. The marginal densities of the quasi ideal importance sampling are so determined as to be
proportional to the conditional failure probabilities at the respective segments and the structural failure probability
evaluated approximately.

As the numerical examples, the quasi ideal importance sampling simulations combined with the conditional
expectation are exccuted to estimate the failure probabilities of structures with various limit state functions and the
results are compared with those estimated by other simulation approaches. The proposed method gives the failure
probability estimations accurately with shorter processing time.

Key word: Structural failure probability, Conditional expectation, Importance sampling, Variance reduction.

1. &

&S A7 LAOEHEMERITE, BRI X AR ERN
BOMANRRENTELD, KEELEE RT AITH
LT, +a7ertiima iy, 2T, Freudenthal[l]
FHE AT AL ASEROTHEEZSE L,
FRILESWTHE Y AT LADOEEMEMFIEIT I I & %
BELE. BERNFETIE, HE2T AL AW
WELEMMERREE CHRL, BTHz L om
BREHE LTEHRL, HESRT AORGES 2 HEAC
EFMALLTERO2ES.

EETETERIE, #iEY AT AN REIERE
NEHETBEDIZ, TFUELTEASNARARE
RAECSE L L aMRE LTIHMIEND. LaL, sk
iR r RO LHSE, —RICSERSTREN, 7T
I ZOMEREICRD L EIRETHIFENE N
e, BIRERLEET 2R FENSHRENT

TR 1946 A 29 HRE

M
EMRFTERGEMFERRE VAT LATHEH
REGREETIEMER AN =y 7 ARTEHK

%

E ]

k.
FOSM #%° AFOSM {7 & O L BRI,
GRMETHDA, REREBEKOBREEEBNESIC

12, BRAMSROFMCEROHSRVERERELS, —
7, vIial—ia i, BERRTOFEELEL
7, R L ABEEFMEDLRVWAT, A9ThHdLE
Zbid. Bb—EMLRENECT AR a2l
— 3 T, BAREBEEDEANTHIE, BERER
DWEEXFEBICROFES LB TEE. L, #HEs
AT AOWEREB I —RICHNETHEIOT, BEL
WHER B0, EFICE 0 TAEE L
WL L, FHERBMAERICRAEVIBENELS.

YIialb—ialEEERTIEECE Shniy
TAETHED L WEBEBEOHERTHETHIZ &,
R TR ECHEEBERERICERASRSL I
THRIEREELRS.

Plan TN TR I 2 b—a RITHE
HOFEE LT ESRRESATERL[3-11]. £
OFO 1 DICESAY LT v FERH B[R] EAYLT
Ui, BHRCHESTIRLVEELEES (B%
BRELEEEL LIThD) OIREFEC, L9ELp¥r7N



10 FEUFEREESY v 7 v e v a b— s ViEicED  HETHEREREEE:

FERLCERL, BHEBRELROAFETHS, BEA
B A TETE, VAN ERBEL 2 ABRE Y
DL ICRETHPPBELES.

AWIETIE, ERBEEEENERALFICES BAIL-
W, RUEFHFREEICESVIalL— s 2 EA
Ui EmEMEOEEESR 0 E Y. —Riz, £H6
HiFEHBICESL v I ab—v g T, £l
BET, HEREREHRCERERA LW FERH
A, Eblz, BENLGY oIV ERBEEEESY T
v BERRE UCEREICHER L, EAY LAY S
e EEAHREERCESLTERL, vYIalb—vsa
COMEERDD L EBRETS.

e DHEFICLY, BTy TFhre - Il
—a MCS LRERET D), M THFEEDARITES
{¥Izalb—iaECE LBRT5), BN 7
MAERBEE A TR L, Ead T oI EER
BETRERT T T BE Ul &M EIFEEIC
S vIab—va VEALICE LBRT3ICES
BEMEROEEROKE, TOSERLBHRIZONTH
a4 3.

2. YTal—Yavick HmaREEHE

2.1 HEWEREOTES

k RFEDTEREH~2 b U=Uy, Uy, ..., U)' %, E
VM HSR OIS TR R AR TR L R VBB A R
Tl L, ZORFARERBEBEEY ()T L, —i%

IZREIE Y AT ADOHIRRER PAtkAOHA TEZ LIS,

CJ(«E’U j(U)SO) = [l )
J=1 Df

ZIC, gy, jEBOBWET— FITHT 5 RRE

Py = prob

BSKG=1, 2, ... m), DA S 2T A OBRBETH 5.
={U|LJ@Ujansoﬂ @
J=1

VAT APRERRBICH D08 5 2B D HEER
W Ipl - |BROE S CERT S,
I: UebD
={ " f 3
Iy [v] {0: otherwise @)
ZOWERE ] - 12X()ICEAT D L, WHEREEE
SRFRATREN, RNE)ITREEEERRE fo(u)IZBFT
5 Il - |OHISEE LTRENS.

%=ﬁ@hM@W=%hyw )
allu
FLThLT L ab—Ya A L AWEREROH
EEL, EARERER oK EMREEEME (OIS Y
7 Aai=1,2,.., NEERLT, KREFAVTRD S
na.

s _1& i i
B =F§ ) Pf“=IDf[u(]] )

IZT,NEvIalb—varoltrAulieiiit.
£, WEREOHEROSEE LU DEBHRE
wRIZL 9k D,

Véf[ﬁf]=mg(l°fm‘ﬁf)z ©
cav[p, = valp,] /5, )

PLED I alb—va it ad VgL, #
AEEREH U oeEERICH- 20T, WiEREREED
LI RRNZVEERFE L CHET B, EFILEZLD
Yo TNENLBETHEVIBERHS. TR IC
FEL2WY A TABREL ERENZZHTHS. RiT
Z ORI B FHEIZONTE LS.

2.2 S (THAEERCE TS BIBREDEE

TEHef S T- ARREREH ULV THEED [ FEED
TR UICFEB L, ZTHERIES LTS, ZoflE
EHEEL k-l HoEHEFV TV o IEHELT
Us=(Uy, Us, ..., Uy, Upy, o, UDT £ 554

PEBEEH UsDhH D ERESY M ug izt T 5 IRA
KB LA E UTHIEZES o 2Rk, ZORI YK
A O RBRE R A4 SO ATREREDE P (wius) & LTEF
B3 L, HEHEERRRAD X I fus(U)izBi¥T 5
Pujus) DHIFHE TR ENB[12,13].

P =problgy (U)<0]= [fyW)aU
L
[Pr s | us)fyrg (g Yus @®)

allug
=Epy, [Py 1 us)]

o B, fm(ug)iiﬁﬁi’w%iﬁc u; ‘Dm%ﬁﬁﬁgﬁ. fys(Us)lj.
FRSBIEH Us DR ATRE LR, Prlujus)tt Usus i3t
g A HIEZES w 2w U CRBARIEBE R & L i D &
HHEEEETHS.

¥ a2 lb—ia VEFRIRE T, RE)OHHEZER
ERhbRDD. Tibh, fuUci sy vy
EHARY M u B ER L, TRICHET B RARES
T Lo L 7 5 TS Ve, T 0 S b IR
FEI P O B AR R A Sl (RS P (™) & B
b, HEEREREROMER & FOSBIIREX TS bR
%.

. N ! ;
Pf =%§Pf(u[('] [HS(I)] (9)

Vﬁf[ﬁf]=mhl,—52(f’f(”z us)-2,f a0

i=1
LLFIZ, S HfsEkcEs<vriab—yavic
L AR HEROWEEIC AW TR S, [RARIE S
2EB(2WIT)DE—RHRE— FOBEICS>NTERB.
HDH TV I w ot 5 RFRIBHE Lo
B w,"% gu(un, ", ™)=0 bR, FOALHE
AR O BRERER & S IEIERER L LTR® 5.



E $Ea3s 11

BT % &
U
Failure region
w0 =g (u() Br(ufuf)
Limite state surface b
gyluy,uz)=0
2® |0 Ui

‘\ﬁi l(ul)
S

Safety region

Fig. 1 A conditional failure probability for a sample
variable u;”
L]
Failure region

Limite state surface

D i
gy(uy.uz)=0 ufd a0 ef)

Hy

SN
N

[

Bya0uf?)

Safety region

Fig.2 A conditional failure probability for a sample
variable "

ZATRRIBRERE R RO BRI, Umn " BAEEOT
RE & 45 bRER>ESH, Bl LREL TS
TRFEEFESDOHEE, ROFETITH. BHEMEEE
ﬁiﬂﬁﬁ‘ﬁﬁgﬁgﬁﬁ gu(ﬂ'l, uz)éﬂ T B B; %U‘T@%& U
eV AN AR u #ED LGOI, £0OK/NE
BRICL > TUTOL ) ICHIETS.

i) gy (u)DEE, TSR

ii) uzégyd(ul)d)%%’é', J:‘fﬁllﬁﬁﬁ*ﬁ
[ URR SR B Su o & L CHIEZER 2 T w, uw &
L7z O&UIdRmSR% Fig. 1, Fig. 2 iZ7&T. 7=
U, gilu, )0 DL & =gy (w)EFEETHoLL,
TR u gy (w) BT 2 & 2 L ERT 5.

Fig. 1, Fig. 2 1%, w %5 4O FHRIEL 75 LM
B, % LIRE L 15 FTRRESRS, TREnEMi
HEESEL 25, SEMFERCEIC VI 2 L—va

YT, VMR CREERSRHEICRHA SN S.

2.3 BERYUTYTEEE LEFEERGERCE
DLBIEREOHTE

FEMMFEEICESS VT2 b—va r Tk, £K
P T THBRRRHECHA SN S, BHamESR
EECRbFESTEBICT I gER L TERTH
H, £ 02 oEEoBRIELI EEZLND.
FIT, REWCEARYT T Y » FEEBEE hydug) 7
AT B, T & o TRHBRESRIX, Pr(ulus) usus) hysus)
DERY 7 )V EEBRE hyl(u)\ZBT 28/ ET
REN3.

Py= fPf(“zJHS)fUS (g Yug

allug
Jug lus)
=[r (ullus)'—(—js hy g (ughug — (11)
al!£3 J hyg (us) ™3
_ st(uS)
=Enyg [Pf(u[ |us)m
HOEHRFEROMTEE L ARl CRD b D.
) N N 0
Pf=i2 Pf(ui(’)lus(’) Jus usi (12)
Nia hyglus

@ 2

[ 1 X O us¥s™) 5 | (13)
V NPrl= P - -P

alpr] mf}{ ) g )hus 0 I

BEAY 7Y oV EEBECES Y I RIIRT B4
f{IRkEREROMAR % Fig. 3 RT. Zo0HaFEX
HR(2D)N 6B LI, BIRREOHERLRD HIE
FEDPEHEIZ, BEE fiu(u Vet L

5.
13

100 =g\ () Fr(ui0uf?)

guy Juz)=0 T
" 8 paint
1

\JE;[(&;)
S

Jo(uf®)
hy(u {0

Importance p.d.f. centered

at the B paoint original p.d.f

Fig.3 A conditional failure probability for a sample
variable #,“ generated by an ordinary
importance sampling p. 4. f. centered at the g
point of u,.



12 HPEEER Y Y 7Y v s 3 a2 b— Y s ViRICED S HERE TS

2.4 EUMEBEERY LTI T EREE LSS
FECE S HEREDHTE
KDL WT, ERAY 7Y P BEEE hyug) %
R14)D L 5 IR T 5 &, R(1)IF P20 L OO
fm&Zzy, RO L HEEREOHERZY 7LD
ZHEbLT, BTHOPEEZS.
)=-Ef(”1|"slfus("3)

hy . (u (14)
Ug \"S Pf
ugus)
= | Prly l"s) w )hus(us)dus
ah'us
Julu
=EhUS Pf(u,{us) Ub( S) (15)

hUS (uS)
=Ejy P ]
LL, RIS KRD X5 & LTV 5 REOMEIE R
PraBATNEOT, iY77 7BEBRSEL
THATE - LIEARTETHS. KDL bbM3E L5
12, R(14) D5 F O EMEMTEERESE - s EREORE
DEEOMA L, WEESEE 52D, T 20, AL
T, SRS - REREERROBORSESIC
X o THIERERORLESL KD, BENICERY 7Y
CUEERERTAZLBEZA(INELTF TR, Y
HBEEERY 7 o TEEE VD).
WARMRAHT T A2 I a L—3 3 VIBRICASRETIC,
R L LT, AEMBEESY 7 VIBEOS
MEFALD. SEFAREEHOERE Y —EXMIEAy T
m BICsE L, £EMPACBT 2R F 2R
T AREMBERE L EFEEPEOBOMEICESHT,
WL ERY 7Y o TBHEE hyug) D557 % BERAY
ICHETAEWVWI HERES.
EAMELBIEVICMTTHD LWETS &, Il
HEBMBESY YT YV EER, GIEESR w2,

Y F Y v SEHORDEE hyw) (=1, 2, ..., 1, 11, .,
k)@?*TE—iBi’LE)
by (s )Au = 1_[ {"Afj } (16)
J=1,j=l

UTTH, BB CEUNBESESY 7Y v/
DEESTLBEOICREL, ThCESNT, BAY
YAV v Ialb—a v EERL, mﬁﬁiiﬁ
ETBFIRERT. HALHEICT B0, BELEK
Uy, ty, 13 D 3 EROMBEEER .

3EHEDIL, wy BHEERLL, YT B
uy, uy DFEEF[-5.0~5.0], E%E m=10 & L, &58
KR EEE (1,2, 1,'?) (p=1, 2, ..., 10), (¢=1, 2, ...,
10) &4 5. EPMBEEESY 7Y v VHED S,
W, MK BRERE, KR THEZLNS.
har (ul(p),uz(g) u?

_ Pf(“slaj(p ) uz(")) US(“I(p),VE(Q))m‘z an
2l b o

p=lg

IOEE, B ou, it 2ERDHEEE hin(u),
hAIQ(Hg)U), r',J—iT\(H](p), uf""’)@:i—iﬁél%$!i. Uy, Uy ‘CF—%}T’B
ERfEmicl-T, ThThkXTELBNRS.

ha ). ﬁ {;,A, (ul(p),uz(q))ﬁuz}
g=1

- 1) s = i{,,ﬂ (u](p),,,z(q))mz}
p:

EEPMBEEEAY TS I al—s O

FEIZ, kOB Tho.

Step1  Fig. 4 IR 3 X 510, HEBPAICHIT 55t
FHREEREEE Pr (|, u,)) & SeAReS 5 FE A
Sus(®, D) OFEEFHET 5.

Step2  Fig. SIZF¥T & 9o, ERMP AT 5%
TEEERESE C RS E R OB E2HETS. (R(18)
DHF)

Pf (u3 ] (ul(p)au?.(q)))fUS (zf](P),uz(Q))Auz (19)

Step3  H(17)OHEOEH9)D uy, up B+ 5 2
BEXSEDIC L >TRY, ToETRADEE Y,
SHIRA)D L 5 ICKAHFS LT, EHMERE
RY 7)) FENEERKRT S, =721, Fig 6
AT EEDEEORABRATMOEEA), A21X1 &7
5.

(18)

Pr(uas) (uf®, ud ) for(ue £2,u 5%

Uy

2 g
\ M N
)j[l

(D )

Fig. 4 The conditional failure probabilities multiplied
by the probability densities at the mid-point of
each segment.

10
EI;F}(N';\ (P, 2V (e P § ) Au?
=

Fig. 5 An image of probability content at each
segment and a histogram of marginal
probability density distributions.



=&  HB4s

13

Fig. 6 A histogram of a quasi ideal marginal
probability density distributions.
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Case 1

g(X)=x1.x, - X3

X, : N(2,800, 3507, 0.125)

X, : N(800, 40%, 0.05)

X5 : N(1,000,000, 200,000, 0.2)

B=13.53
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21(X)=3.0769.x, — X, +13.461
g2(X)=-22x, - X, +117
g3(X)=4.3X, - X, +205
X, : N0, 1%), X, : N(0, 1)
Bi=4.161, S, =4.841, B; = 4.644
Exact : P;=1.761 %107

(21)

Case 3

Case 4

g (M,W)=2M, +2M; —4.5W

2o (M W) =2M, + My + My —4.5W
g3(M. W)= M| + My +2M4 - 4.5W
g4(M W)= M +2My + My - 4.5W
M;: N(134.9, 6.745%, 0.05) (i=1, 2, 3)
W N(50, 15% 0.3)

Exact : P;=5.0612X10°

(22)

g1(X)= X2 -0.05X, - X3X4 +7.55

22(X)=0.03,X, - X, X3 +7.2

(23)

g(X)=-X, - X3 - X3-X4+7.0

X, N0, 1%) (=1, 2, 3, 4)
Exact : Py=3.6156 X 10" (MCS with N=10%)
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PARERHEFD 10 505 108 ThHSB. CPU I3
a2 b—ia VBB T ETORRB)THS.

Table 1 Comparison of results for Case 1 (Cov=0.01)
method N(X10%) | PA(x10") | CPU(Sec)
MCS 45,854.0 2.18 61.296
CE 3,942.0 2.18 15.187
AI-ICE 2.0 211 0.015
Exact 2.18

Table 2 Comparison of results for Case 2 (Cov=0.01)

method N(X10>) | P(x10%) | CPU(Sec)
MCS 567,267.0 1.76 602.406
CE 190,150.0 1.77 369.453
AI-ICE 8.0 1.68 0.031
Exact 1.76

Table 3 Comparison of results for Case 3 (Cov=0.01)

method N(X10®) | P/(X10°) | CPU(Sec)
MCS 1,961,999.0 510 | 3,415.859
CE 22.0 4.96 0.093
AI-ICE 3.0 495 0.015
Exact 1,000,000.0 503 | 1,792.484
Table 4 Comparison of results for Case 4 (Cov=0.01)

method N(x10%) | P(x10"* | CPU(Sec)
MCS 27,632.0 3.62 47.531
CE 10,288.0 3.63 41.609
AI-ICE 221.0 3.73 1.187
Exact 1,000,000.0 3.62 1,807.141




14

FEPEEEERY ¥ 7 ) ¥ 7 - ¥ a b - v vEICES EIRIRNERE Rk

Fi, ALICE B LT, ERY 7)) VS EEEdE
BICET AR bGEL, Ao TiE, w7
NERBEEEY RATHORBESELS T ALOET
B, EFRETH  IAERBEERO- DI 10 0F
BEOY L TNENBELTE,

Case 3, Case 4 [T >WTIEERDS S 2 6Tz
DT, MCS I2 k3 N=10° Bzt B RARROHE &
R L Liz)8, Case 3 1220\ TiE MCS 2B
Cov=0.01 L RADIHERY T NEH 10° 282 T
WBHTE®, BMERRLD b MCS OHERED T HEE
EBEIEV L EXBND. ZOXS5 I LERIX
RN HIT, BEIL, MCS THELRY ALV LE
S LELOREERETARE, 7afZ750 int BHOE
BT 10U EDEETHA VDT, 20X ) iR
Elp ot

Case 1 Tif, > 7 ARBIEAERIC LB R 7L
M1 #ZFELTH, #1/4 OV FVECHREDEE
FEbNnE. T, FTEMRNT 1/1000 BEE L 2 o7,

Case 2 CiL, X (=1, 2)I3ERL SR TEY, TOMKE
HEE, Fig. 7IcRTEB0ThHd. FrIAEHRE X
& LeE, X=0 f1E CORGMAERTEE Pr GlX)HE
MO THEREL B, O, HEEHKE X, &L
L&D CE Tl, BB 2B EBBESND. L
L, 20k REAICBVTY, AIICE TIZEMEA
Yo FNAENBEEEHR L TVWAOT, EBILELEES
TAHAEICY SN EREG EE, FRIC X o THhERR D
o7t FERE CRREDREXSBL LN T
x-rEILIS.

Case 31X, ¥ 78 MCS ©# 1/10° TCE ik
DEENTERZ &b, CE OEANEDRIRAKE
B ThotcbELLND. ZOHRE, AIFICE TigH
TAEREERERIC 10 0 TV EELBELTEDT,
CE #1112 oW 7 B L Uiz, r BRI Tl
REpEEFRD LN o1,

2

Failure region Failure region

X
10

-10

Safety region

-10

Fig. 7 Limit state surface for Case 2

4. FER
YIal—va LT ESWTHSE S R T AOTERESR
HEFITOHE, FHFHAFFHEEICESS I 2b—v
3 L BHEEIETIE, KERNEEIDEEZFEZL
WT&ehotlz., ZOHBE LT, FUCHHFEECE
SV alb—varilloTEREND T IT,
ATHEBRICHETESN, AREhdH Loy
FREFEE T AL LT » S alb—a vl ELTH
v, WHARMESRICES T AEELEE~OY SR b
ablnwD ERERETHS. £FIT, AFECIIENE
HAFECESC vy Ialb—aricgsd 7Y vy
EEEAL, b7 IEEEEE L GERMMEEE
Ry 7Y o VEERBE R ICER T 2 FEERE
L. ZOfRR, BFEOFMHHFFEEICESH#EE
IR THEWS LSRR EH D Z E A KR L,
HRY U7 ) oS EERME L U THEEMN R R E R
LRI HER 3 5 W RS T, 7)) v/ EH oK%
RS, wEEEE < ThE, Lo BEENLEEREIOE
SLB, FOEDICITLVE OHEENRLNELRD,
BV T S EEEEAERT A D OFHERFR A
EL{ R HMERHD. T T, 7)) S EROEHE,
SEEAEEZLZ LIc ko TR OHER, IERN
R EOL BT E20ERFATL2ILNREETHS.
IS HEORETHS.

S5 X

M. Freudenthal, Trans. ASCE, 121 (1956) 1337.

A. H-S Ang and W. H. Tang, “Probability Concepts in
Engineering Planning and Design,” Vol. 2, Decision
Risk and Reliahility, John Wiley & Sons, New York
(1984) 361.

G. I. Schuéller and R. Stix, Structural Safety, 4 (1987)
293.

R. Y. Rubinstein, “Simulation and The Monte Carlo
Method,” John Wiley & Sons (1981) 114.

U. Bourgund, W. Ouypornprasert, and P. H. W.
Prenninger, Report 19, Institlit fiir Mechanic, University
of Innsbruck, Austria (1986).

B. M. Ayyub and A. Haldar, Structural Safety and
Reliability, Proceedings of International Conference of
Structural Safety and Reliability, 1 (1985) 17.
REEEE, RERH, kR, BAREILY¥EHE,
50 (2000) 408.

U. Bourgund and C. G Bucher, Report 8, Institiit fiir
Mechanic, University of Innsbruck, Austria (1986).

BE R, KIBEEE, ME(P AR EFSRE), 4
(1995) 517.

BEFN, HKEBEEE, BIBEX, EEBE, BAHEM
F2MRICE, 4-62 (1996) 2387

thkA, BEFH, KEEE, HARBER
A-66 (2000) 2136,

1)

3)
4)

5)

6)

7)
8)
9)
10)

L A SA
F= i

11) M,



BEIZHBHERS

12) A. Karamchandani and C. A. Cornell, Structural Safety,
11 (1991) 59.

13) REHFL, KEBH, BABRFESERINEHE
LFHEZ, (2006-3).

14) G Fu and F. Moses, Proceedings of the I* International
Federation of Information Processing WG7. 5 Working
Conference, Aalborg (1987) 141.

15) M. Yonezawa, S. Okuda and Y-T. Park, Proceedings of
the 8th International Federation of Information
Pracessing WG7. 5 Working Conference, Warsaw (1998)
337.

16) M. Yonezawa and S. Okuda, J. Schoo! Sci. Eng. Kinki
Univ. 42 (2006) 53

17) M. Matsumoto and T. Nishimura, Mersenne Twister, A
623-dimendionally equidistributed uniform pseudo
random number generator, ACM Transactions on
Modeling and Computer Simulations 8(1), (1998)3.
Retrieved from the World Wide Web, http://www.
math.hiroshima-u.ac.jp/~m-mat/MT/m¢t.html.



