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Number theory and special functions
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Let G denote the classical Catalan constant defined by

- —l n-1
G=Z( 2 and let the so-called generalized integral I(z)be
n

=
. . z 7

I(z)=[logsintds .The evaluation I|=|=-"log2, known as the
2 2

Euler integral, has been known as an example of the
integral whose primitive function cannot be expressed in
terms of elementary functions but its value can be obtained

by some technique. It is also known that I[%J:—%logZ-%G

(e.g. c¢f. Gradshteyn-Ryzhyk). The Euler integral plays an
essential role in generalizing the Gauss mean value
theorem, which is a special case of the Cauchy integral
formula in Ahlfors’ book '‘Complex analysis.” It is
therefore rather intriguing to try to find a closed form for

I(z).

On the other hand, the Catalan constant has long and
interesting history in number theory as the second simplest of
the most complex problem of expression in the opposite parity

case. Let L(s,,() denote the Dirichlet L -function defined for

oc=Res>1 by the absolutely convergent Dirichlet series

s n
L(s,x)=z—g—r(;;—), where ¥ is the O-extension of the character of the

n=]

group of reduced residue classes mod g, called the Dirichlet

character mod ¢ . Let x, denote the Kronecker character
associated to the Gaussian field Q(\/~1) , which is an odd
character, i.e. gz, (~1)=-1. Apparently, the Catalan constant is the

special value of L(s,z,) at s=2. If z is a Kronecker character

associated to a quadratic field, the special value at s=1 is
known as the Dirichlet class number formula and has been




playing a central role in the whole spectrum of number theory, as
a guiding principle in introducing an intermediate
L-function and a generalization of the class number formula. It
is a classical fact that this formula assures the non-vanishing of

L(l,z’), which is a basis of the Dirichlet prime number theorem.

the character is associated to a real quadratic field, it is

an even character and L(Lyz) has a complicated expression

involving the Clausen function. Especially, if y=x is the
character modl, which is even, then it is the Riemann

zeta-function L(s,2)=¢(s). The special value problem has

. 2
been classical and famous, e.g. {(2)=Z%=£6— due to Euler,
n=|

too is the solution to the Basler problem. The same problem
with s an odd integer >1 is extremely difficult and there
are known only partial results due to Apery and others.
Therefore, the Catalan constant and its arithmetic nature
is a primitive case of the most difficult problems in the
case of opposite party (i.e. the parity of the character and
the special argument of s).

We have made clear that the Catalan constant is intrinsic
to the Barnes G -function in the sense of the following
results. It is a curious coincidence that the constant G and
the Barnes G-function have the same label (the latter is

the r=2 case of the multiple gamma function TI,). Our study

is centered around the Catalan constant as the special
value of the Dirichlet L-function in terms of the Barnes
G-function.

Theorem 1. Let S(z)=f 4. Then it has the expression
sin 7t
z
G| 1+—-
G(1+ ( ]
(1) S(z)=zlog 27 +log (1 z)—4log 2 ,
ENrE

which is a consequence of the partial fraction expansion for

the cotangent function, which in turn is equivalent to the
functional equation of the Riemann zeta-function

-3

(2) f;r(%];(s)w‘Tr(“Ts)g(l-s),

where T indicates the Euler gamma function and where the
Barnes G-function is defined by its Weierstrass product
representation

%(Hz)=i(z—"--H;zl-)Jr%(loan—l)—(1+7)z.

Theorem 2. The expression G=%S(%) is a consequence of (1)

and the Fourier expansion of the periodic Bernoulli
polynomial, which is equivalent to the functional equation
(2). It is shown that the expression also follows from the
Ramanujan formula

( S 8(m) u_ : ! wopnl,]

3) Y =0 (01-2) 4 (-L1-2) == (0)={ " (-1) =+ (r+1)z,

= n+l ;_ z 2

where ¥ is the Euler constant.

Corollary 1. We have the expression

n-1 k&

(2) g=3 S

S on i32%k+1
independently of (2), i.e. the Catalan constant is intrinsic
to the Barnes G-function.
It is therefore shown by using the functional equation as
catalysis, that G is a special value of the Barnes
G -function on one hand, and it is the integral of the
complete elliptic integral, which corresponds to the famous
Chowla-Selberg formula to the effect that the special
values of the gamma function is related to the elliptic
integral. This will hopefully open a new research field of
pursuing the special function whose special values are
related to the special values of L-functions in the opposite
parity case.
Other chapters contain results related to the functional
equation.
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