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Violation of the Quantum Null Energy
Condition in a holographic wormhole

Akihiro Ishibashi
(Kindai U.)

Based on PRD99, 026004 (2019)
joint work w/ Kengo Maeda (Shibaura I. T.)
‘ Eric Mefford (UCSB)

Introduction

“Energy” should be bounded below, for a physically
sensible system to have a stable ground state.

It is well-known that quantum field effects violate
classical, local positive energy conditions.

Quantum Null Energy Condition (QNEC) is a conjectured
lower bound on (7,;) inany quantum state.

We test QNEC in a wormhole spacetime by using
holographic methods and find the violation of QNEC.
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Outline

* (I) Null Energy Condition (NEC)

 (II) Quantum Focusing Conjecture
and Quantum NEC (QNEC)

() Constructing AdS-BH w. wormhole boundary

e (IV) Testing QNEC on the wormhole spacetime

Energy Conditions
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Physically sensible conditions for Stress-Energy tensor
1
RHS of the Einstein equations R, — 5 Ju B = S’ITG@

Example: FLRW cosmology 7, = pugUp + Phy,

Weak Energy Conditions (WEC)
(For any timelike vector £ ) Tp&'" = 0 ]

- holds for classical matter system Ex.FLRWcase p =0 p+ P =0

Dominant Energy Conditions (DEC)

For any future dir. timelike vector £¢
—T”bfb also is a future dir. timelike or null vector

- Conservation theorem Ex. FLRW case P = |P|

Focusing conditions for geodesic congruences

Strong Energy Conditions (SEC)
. . a 1
For any timelike vector £ mmmp (Ta.b _ §Tgab> £9€% > ()

- Timelike Focusing Rﬁ_hﬁafb2 0

Ex.FlRWcase p+3P =20 p+P =0

Null Energy Conditions (NEC)
For any null vector k@ > TopkkP =0

- Null Focusing R, k%k®>= 0  Null-limit of WEC
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NEC, QFC and QNEC

4

Null Energy Condition

Null Energy Condition (NEC) plays an important role in GR
Tkk = Tabkak'b 2 0

- holds for classical matter systems

It governs the focusing of null geodesic congruence,
from which one can learn a lot about the spacetime
geometry under consideration.

It is used in an essential way in the proof of
Singularity theorems
Area theorem
Topology censorship etc.
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Classical Focusing theorem

Surface orthogonal null Classical expansion Shear
a d ‘ = a ld;4 a

9
Classical Focusing theorem
Surface orthogonal null Classical expansion Shear
a d ‘ — a l%
ki_(ﬁ) O =Vah" =2 Tab
Ex: light-rays emanating from 2-sphere in flat spacetime
wave-front
k(l
- 2
A =ldnr %/ ’%,%
7 OC A
Out-going In-going
2 2
0. = — g = _Z
r r
10
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Classical Focusing theorem

Surface orthogonal null Classical expansion Shear
d “ a 1dA

ka. _ 0 p— v k’ = —— O-(Lb
(4) e

Ex: light-rays emanating from 2-sphere in flat spacetime

Out-going l

time 2

In-going v ¢ o — -2 <o
Out-going "

11

Classical Focusing theorem

Surface orthogonal null Classical expansion Shear

d\“ - o« 1dA
ka(dA) 0=V =7 vet

Ex: light-rays emanating from 2-sphere in curved spacetime
"-.‘
S :

trong gravity

e.g. inside BH
time
both (out-, in-going) expansions

e can be negative
Out-going

In-going 0.<0 6 <0

12
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Classical Focusing theorem

Surface orthogonal null Classical expansion Shear
d “ a 1 dA

L= =V k% =—-"" Tab
(d,)\) “ A d)

In curved spacetime, the expansion obeys Raychaudhuri equation

o1,
time d\ D _26 y H
“
’~ k(l,
Out-going !
In-going Strong gravity
13
Classical Focusing theorem
Surface orthogonal null Classical expansion Shear
a d ’ — a _ i%
" _(ﬁ) 0=Vak" =20 Fab

. , do 1 )
Raychaudhuri equation 0 :@maz OO Twe

if initially 6, < 0
dé

A—0

14
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Classical Focusing theorem

Focusing # — —oc of null geodesic congruence generically occurs
under NEC and Null generic condition/initial convergence 6, < 0

15

Classical Focusing theorem

Focusing # — —oco of null geodesic congruence generically occurs
under NEC and Null generic condition/initial convergence 6, < 0

16
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Area theorem and BH 2" Law

Causal nature of the BH event horizon does not allow
focusing 8 — —oo of the null generators toward future.

Not allowed on
Black Hole
Horizon

17

Area theorem and BH 2" Law

Causal nature of the BH event horizon does not allow
focusing # — —oo of the null generators toward future.

Not allowed on
Black Hole

18
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Area theorem and BH 2" Law

Causal nature of the BH event horizon does not allow
focusing 8 — —oo of the null generators toward future.

BH horizon
as a causal
boundary

If NEC holds,
the expansion of BH horizon
must be non-negative

_1dA

T Adx
Area must be

non-decreasing

Not allowed on
Black Hole

Horizon =0

19
Area theorem and BH 2" Law
Causal nature of the BH event horizon does not allow
focusing # — —oo of the null generators toward future.
Classical Focusing mmp SA =0 Hawking 71
w. NEC
BH must have BH = i 0Spy = 0 Bekenstein 72
its own Entropy AGh
20
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Violation of NEC and Non-local conditions

NEC (any local Energy Conditions) can be violated by Quantum Fields.

Tz 0 (Tu) k2= 0

- by e.g. Hawking-radiation, Casimir effects

Averaged Null Energy Conditions (ANEC)

Non-local: defined along
/(Tab>.li7”'kbd)\ =20 any complete null geodesic

e.g. Wald-Yurtsever 91
ANEC can be violated by Quantum Fields.

/(Ta,b> kaktﬂ)///o e.g. Visser 96

Achronal averaged Null Energy Conditions (AANEC)

e.g. Graham and Olum 07

21
n
Area theorem and BH 2" Law
Causal nature of the BH event horizon does not allow
focusing & — —oo of the null generators toward future.
Classical Focusing mmp JA=0 Hawking 71
w. NEC
BH must have
. BH = i 0Sgpy = 0  Bekenstein 72
its own Entropy AGh
Generalized Entropy Sgen:=Spa + Sout Bekenstein 73
Sout. - _Trpnnt 101(-); Pout
von Neumann entropy
Generalized 2nd Law Sz 0 e.g. Page 76, Unruh-Wald 82,
' Zurek-Thorne 85, Frolov-Page 93
22
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Quantum Focusing Conjecture

Bousso-Fisher-Leichenauer-Wall 16

Generalized entropy for any co-dim. 2 O splitting Cauchy surface >

|
N :Null hypersurface orthogonal to 0 ] / ’ l \ \ ’

V{(y) defines a slice of N

23

Quantum Focusing Conjecture

Bousso-Fisher-Leichenauer-Wall 16

Generalized entropy for any co-dim. 2 O splitting Cauchy surface >

A T 9 V)
1
N :Null hypersurface orthogonal to 0 / I ’ || \ \ \
V(y) defines a slice of N A
Generalized entropy for O
AV (y)]
S en V y)| = ———+ Sou,
genV ()] e ¢

24
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Quantum Focusing Conjecture

Bousso-Fisher-Leichenauer-Wall 16

Quantum expansion @ as functional derivative of S,

V(y) defines a slice of N o
Vi(y):=V(y) + edy— 1) H ”1(! A
T
A
OV — lim AGh dSyen _ 4GH 8Sgen

A—0 A de VVia(pn) 0V ()
Quantum Focusing Conjecture —‘ c.f. Classical Focusing

O OV):m] <0 LA
dA

6V (y2)

25

Quantum Focusing Conjecture

Bousso-Fisher-Leichenauer-Wall 16

Quantum expansion © as functional derivative of S,

QFC Off-diagonal part of QFC Y2 # %
2
oOViiyl<o  mmy  __07Swn
Viy2) 5V (2) 0V ()
X lim — {Soui VJ. 2] ouf ‘/1] uu! [L{'E] + Sml.t [V}} \<\ 0
€1,60—0€1€2

This follows from strong subadditivity

Sout[v] + Sout [Vrl,Z} é Souf[ + Som‘ [1/1 H H
S(ABC) + S(B) < S(AB)+S(BC) V()

26
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Quantum Focusing Conjecture

Bousso-Fisher-Leichenauer-Wall 16

Quantum expansion @ as functional derivative of S,

QFC Diagonal part of QFC ¥2 = ¥
de
Y < O re— < 0
5V (v) @[V(T/) Ul] X - e I\ &S
Classical Focusing to Quantum Focusing @ — © = 0 -+ 47?55';“,5

g <0 =) 0’ <0

Classical Focusing Theorem Quantum Focusing Conjecture

holds under NEC believed to hold irrespective of NEC

27
Quantum Null Energy Conditions (QNEC)
Bousso-Fisher-Leichenauer-Wall 16
Bousso-Fisher-Koeller-Leichenauer-Wall 16
" AGh
QFC to Quantum Null Energy Conditions @ := @ 4 TLSZM
0= 6, :ﬁ+ %( (I){u,t_ HS(,mt)
1 ) . AGh ; an
=—p5 3¢ 0 — 887G (Tir) + 7( out— 050.1)
On g w/ vanishing classical expansion and shear 8 =0 0q =0
28
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Quantum Null Energy Conditions (QNEC)

Bousso-Fisher-Leichenauer-Wall 16
Bousso-Fisher-Koeller-Leichenauer-Wall 16

QFC to Quantum Null Energy Conditions @ := ¢ 4 =L AGh

.A out

' 4Gh
0 2 e = HI—F AL( gu,t_ 95‘(’)13&)

/ 8rG (Tkk 1Gh ( out_/%;;t)

On g w/ vanishing classical expansion and shear § =0 0q =0

H
‘ QNEC (Tkk> = m S

29

Quantum Null Energy Conditions (QNEC)

Bousso-Fisher-Leichenauer-Wall 16
Bousso-Fisher-Koeller-Leichenauer-Wall 16

QNEC (Thi) > = A Sy

Purely Quantum statements since G drops out as an overall factor
‘ Proof within Quantum Field Theory in Minkowski background

e.g. For free fields Bousso-Fisher-Koeller-Leichenauer-Wall 16

e.g. For general interacting theories
Balakrishnan-Faulkner-Khandker-Wang 17

c.f. holographic proof with Gravity dual for interacting theories
Koeller-Leichenauer 16

c.f. Violation of QFC for Gauss-Bonnet theories, indicating violation of QNEC
Fu-Koeller-Marolf 16

30
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Cu rved Spa ce QN EC Fu-Koeller-Marolf 17

“local” stationarity condition
* For d < 3,QNECholdsunder § =0

-- consistent w/. original QNEC conjecture that required

Uab|p = 9‘17 = 9’}0 =0 Bousso-Fisher-Leichenauer-Wall 16

e.g. at a point P on aKilling horizon

Stationarity conditions.
* For d = 4,5 more conditions are required.
(vanishing of additional derivatives and Dominant EC)

\
AdS-black hole
w/ boundary wormhole
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4D AdS-black hole

2
ds? = é [— Fr(2)dt? + f‘i‘?z) a2
fe(z)=1+k22—p2®
E — 0 planar metric
dZ?c {
E= —1 hyperbolic metric

3D boundary

k=0 dsiy,=—d’+dr’+ r*de?

. : 2
k= —1 ds,‘fdry = —dt*>+ dr?+ cosh?r do
33
Idea
k=0 k=-1 k=20
cosh? r dp?
throat at
r=0 \
Attempt to connect a hyperbolic region around the center
and 2 copies of asymptotically flat regions
34
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Numerical construction

Ansatz 1 g(x)*A 2
412_~[1' ) Tdt? 4 ————————dy
8= (1 —y) fz,y) +(1 @)
4B(dx + z(1 — 2?)* Fdy)>? {x)S .
R =

flxz,y) = 1+y+ y*2%3 — 22?)
X ={T,8, A, B, F} functions of x,¥y
Expand these functions wrt
z(z, ) v +22P(r) + 2D () +0(2°)
y(z,r)m 2 g%’)+ 2y () + Ly@(r) + 0(2*)
Boundary conditions
z=0: 0,X=0
y=0: T,S,AAB=1F=0 vy

]
Il
—_

S,A,.B=1F=0

=1

I
[
=N

35

Bulk time-slice
Spatial infinity

D x = 1 of boundary geometry ~k =0

Bulk horizon

=1
- = Y

Conf. boundary
y=20

r=20
D r = 0 Center of bdry ~ Lk = —1
AdS bulk geometry

36
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Bulk time-slice : Numerical solution
y=1 Bulk BH horizon Ty = 1/47 y=1
O O
i r =1
Y Bdry wormhole :
throat (-1 < ¢ < 2) !
y=20 \ y=20
O - O
Conf. bdry x =0 r =1
Spatial infinity
2 =0 IR)=1+¢+(1—$)R+O(RY of bdry geometry
x =1 UR)= R+ O(R)

37

A

Testing QNEC

38
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Testing QNEC in boundary wormhole

Both side can compute by using holographic methods

H
(Thi) > W—A S,

LHS: As a holographic RHS: As a holographic
Stress-energy tensor Entanglement Entropy

39

Testing QNEC in boundary wormhole
LHS: (T%i) holographic Stress-energy tensor
Fefferman-Graham expansion

d
ds? = = s + = [}2(0) + 22hy) + Zghﬁ)} da dz’

ab

@)
3h!
(Tap) = —2=

167TG de Haro-Solodukhin-Skenderis 01

- contract w/ null vector k% = 0;+0g

- can check the off-diagonal terms vanish and

(Tyx) < 0 near the wormhole throat
(Tyi) > 0 near spatial infinity

40
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Testing QNEC in boundary wormhole
LHS: (T%x) holographic Stress-energy tensor

Numerical evaluation of {7« )

00 02 04 06 08 1.0
r = arctanhx

Classical NEC is violated near the wormhole throat

41

Testing QNEC in boundary wormhole

RHS: Sout Half-space Entanglement Entropy

N

42
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Testing QNEC in boundary wormhole

RHS: Sout Half-space Entanglement Entropy

I

Uuv
Boundary

\ Subregion A

- wish to evaluate Entanglement Entropy S(A) for subregion A

43

Testing QNEC in boundary wormhole

RHS: S, as a Holographic Entanglement Entropy

22 4 : Minimal area surface in Bulk
anchored to O A

A(X4) :Areaof 324

Ryu-Takanayagi formula

S(A) = A(Xa)

4G

44
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Testing QNEC in boundary wormhole

RHS: Sout Half-space Entanglement Entropy

RN

uv
Boundary

\ Subregion A

- wish to evaluate Entanglement Entropy S(A) for subregion A

45

Testing QNEC in boundary wormhole

RHS: S, as a Holographic Entanglement Entropy

Bulk

46
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Testing QNEC in boundary wormhole

RHS: Sout as a Half-space Entanglement Entropy

Uuv
Boundary

A

Bulk

47

Testing QNEC in boundary wormhole

RHS: Sout as a Half-space Entanglement Entropy

Uv

48
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Testing QNEC in boundary wormhole

RHS: Sout as a Half-space Entanglement Entropy

uv
R w
?
A 0A

49

Testing QNEC in boundary wormhole

RHS: Sout as a Half-space Entanglement Entropy

Uuv
N Bulk > Boundary
e - \_horizon \\\\\\\\\\

0A

50
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Testing QNEC in boundary wormhole

RHS: Sout as a Holographic Entanglement Entropy
i

1

|
Bulk BH ho{izon Ty = 1/47

Y

| O I

al ?

X

Bdry wormhole
throat (-1 < ¢ < 2)

N

xr

y=20
Conf. bdry

o

ol
—

=0

51

Testing QNEC in boundary wormhole

RHS: Sout as a Holographic Entanglement Entropy

1

DY

Bdry wormhole
throat (-1 < ¢ < 2)

N

€T

y=20

O

Il O |l
—t

Conf. bdry =0

52
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Testing QNEC in boundary wormhole
RHS: Sout as a Holographic Entanglement Entropy

y=1 Bulk BH horizon Ty = 1/4w

------ O
Ya/ v

Bdry wormhole
throat (-1 <¢ < 2)

y =0 \BA A Yy
o

=0
O
x =1
A(X4) :Areaof X 4
53
Testing QNEC in boundary wormhole
RHS: Sout as a Holographic Entanglement Entropy
y=1 Bulk BH horizon Tp; = 1/47 y=1
O

------ O
EA/ x =1

Bdry wormhole
throat (-1 < (¢ < 2)

y =0 \AaA A y=0
C N

— O
c
UV regularization | Ay := A — = | - subtracting counter-term
€ prop. to Area of 9 A

54
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Testing QNEC in boundary wormhole

RHS: Sout as a Holographic Entanglement Entropy
y=1 Bulk BH horizon Ty = 1/4w y=1
© == {0 )
EA x =1
Bdry wormhole
throat (-1 <¢ < 2)
y=0 \—~(9A A y=0
o — 0
R x =1

IR regularization

55

Testing QNEC in boundary wormhole

RHS: Sout as a Holographic Entanglement Entropy

1
IR regularization[ATeg = Ay — 5./431-1}

y=1 Bulk BH horizon Ty, = 1/47 y =1
O ————————— O,
VA
Bdry wormhole
throat (-1 < ¢ < 2)
y=0 \~~3A A y=0
o — ©
N_7 xTr = 1

- subtracting half of
black-hole area

56
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Testing QNEC in boundary wormhole

RHS: Sout as a Holographic Entanglement Entropy

AT‘B
Sout - 471_5

5
In our boundary wormhole, QNEC (Z%r) > Q—LS:,’U,& reduces to
m

1 J 2Arer;

= 20 (L) — 5
Q=2 = o e o

= 0

Null variation along k% is taken at throat.

57

Testing QNEC in boundary wormhole

RHS: Sout as a Holographic Entanglement Entropy

Are
Sout = 471_5

"
In our boundary wormhole, QNEC (Z%x) > Q—LS:,’M reduces to
m

1 52"47‘63.(]
322G VIFC or?

=0

0.02
A

Numerical evaluation of the QNEC
near wormhole throat shows a

0.002

0.0004 0.006
€

Violation of QNEC () < O -1.0

-0.02 -0.01 0.00 0.01 0.02

58
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Summary and discussions

We constructed a 4D AdS-black hole w/ a 3D
wormhole on the boundary.

Using holographic methods, we tested QNEC in
our boundary wormhole spacetime and found
violation of QNEC.

59

Summary and discussions
QNEC has been proven for some cases.

All the proofs so far made however do not consider
thermal states, where IR degrees play a role.

The result may depend on the way of

IR-regularization. cf. Leichenauer 1808.05961

under some symmetry assumptions

Our IR-regularization captures half-space EE,
isolating the purely entanglement part from
the thermal part.

60
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