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Abstract : After reviewing a wide class of electric circuit equation and its formal solution expressed independently of the
fundamental tie-sets or fundamental cut-sets, we present some reduction formulae relating certain determinants and
coefficients appearing in the solution. We also apply the formulae to generalizing the compensation theorems and to
deriving a graph formula for the four-terminal constants.

1 Introduction

Although the formal solution of electric circuit equation and its general property have been widely
studied, in many cases a solution is left being in a representation depending on a particular fundamental
tie-sets or cut-sets; i.e., each branch is classified as it belongs to the tree (T') or cotree (T') of the circuit
graph. However, without fundamental tie-sets or cut-sets, one cannot solve the equation systematically,
such a solution is not convenient for one to treat all branches symmetrically, and it is complicated to
develop further theoretical investigation or applications.

In this article, to avoid this kind of complexity, we first introduce a circuit equation taking all the
branch voltages and currents as unknown quantities, and review a class of its solutions and a procedure
how to recover the symmetry among the branches.

Hereafter, without loosing generality, we confine ourselves within the system of direct currents, and
let n and b indicate the numbers of nodes and branches, respectively, in each connected graph of the
circuit. Therefore, the numbers of the independent tie-sets and cut-sets are given by l = b —n + 1 and
m = n — 1, respectively.

2 A Review on the Tree-independent Solution

Let V; indicate the voltage and I; the current of the i-th branch e; in an electric circuit. However one
tries to solve the circuit, one has to specify the set of unknown quantities among V; and I;. Here, all of
Vi and I; are treated as 2b unknown quantities and a circuit equation is written in the following form.

M|—|=|— (M eR%; V,1,i,E € R) (2.1)

where E is the electromotive force contained in e; and i; is the current originated from external source
current. (The present procedure should be that of the extreme case of “the hybrid analysis”[1].)

In order to solve the equation (2.1), we first choose a particular pair of tree (T') and cotree (T) from
the circuit graph G, and introduce fundamental cut-sets and fundamental tie-sets to specify the basis of
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the vector V and I. Then we obtain the explicit expressions of M and ¢ as follows:
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where 1() is the b-dimensional unit matrix, p(©) = (1) B) € R} and p™ = (=‘B 10™)) € R} are
fundamental tie-set matrix and fundamental cut-set matrix, R(? is the branch resistance matrix, R(Td ) e
R! is the sub-matrix of R(Y limited to the diagonal cotree space, and ,, is the total current flowing over
the p-th cut-set. (Hereafter, we omit definitions of self-evident notations.) Since M is regular!, we can
calculate the inverse matrix M1 easily in terms of the fundamental resistance matrix r = %(©) R(4) p(©)
and the fundamental conductance matrix g = pP)GD p(P) | that is,

RY -Bg "B Bg'  [BgBGY - Bg'GY

-1t -1 _ _”BG_d) —1G(d)
M~ = " & : Tt (2.3)
—T_lRT - G='Bg~! r=! r~ !B
—Br 1R G,@gfl B ‘Br-'B
Now, let us introduce another matrix N € R2? defined by
— D) g=1,(D) | 1)(D) =1 (D) (d)
N = (2.4)

—B 71tB B —1 B 71tBG(_d) — B 71G(_‘1)
g;qltB 7:371 ‘thBG@) gfiG(d)T
= T T , (2.5)

G(Td)Bg_”B —G(;)Bg_1 ot r~'B
_Gg’?)g—ltB Gg?)g—l tgy—1 tBr—1B

to compare with M ~!. Since the matrices M ~! and N have the same elements except the first [ columns?,
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we can write the solution of (2.1) in terms of N instead of M1, as follows:

h G
Vv i gl gl
— | =N|—|, with N= , (2.6)
I E GDp f
gl |
where
F=5CUMHOQ) =D N9 ,O) (2.7

(The symbols A and A) denote the cofactor matrices of 7 and g, respectively.)
The above representation for N shows that it is independent of the fundamental tie-sets and the
fundamental cut-sets[2], and that the solution (2.6) is invariant under the transformation of 7 such as

i i+9OJ (with J € R! being arbitrary) . (2.8)

This means that the expression of the solution (2.6) allows the external and internal currents forking
arbitrarily as long as the current conservation is maintained. Therefore, the expression, which is written
in terms of 7 replaced as (2.8), is independent of a particular set of 7' and 7.

It should be insisted that one cannot write a symmetric solution without arbitrary variables such
as J; otherwise, one has to sacrifice the symmetry among the branches, where the current ¢ has no
ambiguity as

1=pP7 = pPT4+ 5O =0, (2.9)

There are several advantages in writing the solutions for electric circuits using |r|, f, [g| and h, as
follows: (i) Each of the quantities has a possible expression independent of a set of T and T as already
stated above. (ii) There are some remarkable relations among them; e.g.,

RYf  pagd RO  qldp

_ :1(”) 2.10
T T (2.10)

(iii) They are calculated by means of formulae related with the topology of circuit graphs®. (iv) Their
differential coefficients w.r.t. Ry and Gy are written by certain combinations of themselves, which will
be shown as reduction formulae.

3 Reduction Formulae

The differential coefficients of the determinant of fundamental resistance matrix |r| and of the matrix
elements of f w.r.t. a resistance (say, R;) are calculated as,

Olr| _ Orag A®)

aR, ~ OR, Ay =fu=Ir"1, (3.1)
afij 9 t(C)—1 (c

= 7 7 .2
aRl aRl(‘ | ) | ‘(fllfw f{,lfl./)y (3 )

3See the reference [3] for Eq.(2.10) and many of related formulae.
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where |r~| denotes the determinant of the fundamental resistance matrix of the circuit G~ = G — e;*.
Then, in general for s < [, 3*|r|/OR.(1) - OR (s coincides with the determinant of the fundamental
matrix of G — {€T(1), €r(2)s+ > ET(S)}

In the following, we present some theorems which are applicable to arbitrary sets of {e-(1),...,e-(5)},

by generalizing the relations (3.1) and (3.2). For this purpose, we present a lemma.
Lemma 3.1 Let ¢ and 7 be mappings from {1,...,v,v +1} (1 < v < b-1) to {1,...,b} and
o(v+1) =7(v+1), then

Joyr)y "+ Jo()r)

: (v) (v+1)
0 M UL Gy g = S . (3.3)

aRn(u+1) |,r-‘1/71 - |,,1|1/
fG'(I/)T(l) T fa(u)r(y)
Proof:
B, @) -1 9 1 9l F»)
A / VL - - Tl 4 —— DAy (3.4)
der(V—H) |T| |T| 8Ra(u+l) |T| 8R0(V+1)
Taking a convention that v+ 1 = 1/ for a while, each term in Eq.(3.4) can be rewritten as
lr| olr| . .
= :fau’(rl/’:fa'u’-ry/a 3.5
TRy~ BRoqry ~ J70o0) = Jotrwn (3.5)
|| alf(” 0faiyr) 4
= A; (3.6)
ORs(141) ZUZI ORq (1) J
_ ZZ fa(l/’ Yo (v’) fo( T3y — fo z)a(l/’)fa(u )T (3 A(y) (37)
i=1 j=1 |T|
_ ZZ fo‘(u’)r ’)fa(z)r(]) - fa(z T(v') fo(u’)r(]) A(u) (38)
i=1 j=1 |T|
1 , v v @)
= m VfO'(V')T(V/)|f( )‘ - Z Z fo’(i)r(u’)fo’(u’)r(j)Aij y (39)
i=1 j=1
with Ag;) being the (4, j)-cofactor of f(*). From these relation, Eq.(3.4) can be rewritten as
a |f(7/)| 1 ( ) u u (I/)
: - o(v)r(v' Y= o(i)T(v’ aV’T'Ai‘ - 3.10
ORyyry Pt |r¥ Jownewnlf =220 fowranfown-o A5 (3.10)

i=1 j=1

On the other hand, introducing D!, and D, as the matrices f +1) and f®*), respectively, with the
#-th row and the A-th column removed, the determinant |f**+%| is expanded as

v+1 v+1
PO =37 fotiyrn A5 = 3D fatrwn| D] (3:11)
=1 =1

iContrary to [r=, g~ | = lgl¢, —o-
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v

= Z(il)i*—y fo‘(i)T(u’) ‘D:u’| + fo’(l/’)‘r(u’)(il)y i ‘Dlu’u’| (312)
=1
= Z(_1)1+V fo’(i)T(y') Z(—l)l/ _1+jfa(1/’)‘r(j) ‘Dz]| + fU(VI)T(Ul)|f(V)| (313)
i=1 =1
=-> > f(r(i)T(V’)fo’(l/')T(j)AE;) + Fowyronlf1 (3.14)
i=1 j=1

This is exactly the same as the factor in the r.h.s. of Eq.(3.10), which immediately proves Eq.(3.3). B
The following theorems are generalizations of (3.1) and (3.2).

Theorem 3.1 Let 7 be a mapping from {1,...,s} (1 < s <b) to {1,...,b}, then

frayry - frres)

0% |r| 1
; = - .. 3.15
()RT(S) Ut 8R7'(1) |r|6_] ) ) ( )
fT(s)T(l) oo fT(s)T(s)
(]
Theorem 3.2 Let 7 be a mapping from {1,...,s} (1 <s<b) to {1,...,b}, then
fig | firay o fires)
o f. 1 [ fri|frorw - Frns)
Ty (3.16)

OR.(s) - OR.1y ||

Fr)j | frsyr@y  Fris)r(s)
O

Since these theorems are easily proved by means of the mathematical induction, we here omit the
proofs.

We call Egs. (3.15) and (3.16) reduction formulae in sense that the differential coefficient of |r| and
fi; are expressed in terms of themselves.

Similarly to |r| and f, we can derive another set of reduction formulae for |g| and h, which can be
written down simply by replacing |r| and fi; with |g| and h;;, respectively.

4 Applications

4.1 Response Formulae

Taking advantage of the reduction formulae, we can derive a type of response formulae corresponding
to the changes of R(Y and G@. Actually, we have relations between higher rank derivatives as

ak; f A f(AR(d)f)k

L. oY — V2" J7
ARiy - ARy, oo (—1)* &! = (4.1)

ok h  h(AGDp)E
AG;, - AG, ——————— = (=) 4.2
G A ge o g~ TR T “2)
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( We can easily prove these by the mathematical induction.) Then we immediately obtain the following
changes as response formulae.

(d) ¢\ 1 @y !
N (1(17) L AR f) _ (1(b) i fAR_) I : (4.3)
lr| | 7| |7] |7

(@ 1 ~(d)\ 7!
h R <1<b> L A¢ h) _ (1<b> 4+ haG > L (4.4)
lg] g1 lgl ] lgl

4.2 Compensation Theorems Revisited

We can generalize so-called compensation theorems making use of our response formulae. We start with
the solution for the branch currents in a circuit G, that is,

f

Il

In a change of the branch resistances as R — R’ = R+ AR, the branch currents are changed as

I (E—RYp) +7 (4.5)

-1

® 4 1 AR(d)) f

7] 7]

The present change is recovered by a suitable change of the electromotive forces as E — E' = E + AF.
Since the recovery condition I’ — I is given by

[E— (R 4+ ARDYi] 417 . (4.6)

I—>I’_(1

AR@N 71
r (1«» +! |f|) > %[E +AE— (R + ARW) i) +i=1, (4.7)
we obtain the following equations successively.
A (d)
lf[E + AE — (RY + ARW)Y ] = f| <1<b> + ]|{|f> (E—RW7), (4.8)
T T T
S ap = L Ap@ [f(E — RWp) + z] NS (4.9)
|| Ir| || I
Then we finally find the suitable change AFE as
AE = ARDT + HIIAK  (with AK € R™ being arbitrary) . (4.10)

Note that the second term at the r.h.s. of (4.10) keeps the branch currents I invariant even if AR are
absent.

Meanwhile, the change of the branch currents by the independent change of the branch resistances
is given by

Al =1 -1 (4.11)
@\t () ¢
= % (1<”) + A}; f) [E — (R + ARW) i — (1“’) + —A}; f) (E - R(‘”Z)} (4.12)
@\t @\t
- (1“’) + 28 f) (~AR@) = - (1“’) L 48 f) (—AE) (4.13)
| 7| 7| Ir|
=L (E-RYY| S (4.14)
17| s Rt AR E—=—AE, i—0 R—R+AR, Es—AE, =0

13
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as expected.
In a similar way, since the solution of the cut-set equation for the branch voltages of a circuit G is
given by

V= i(G(‘”E —0), (4.15)
lg]
the voltages are changed as
AG@N L
VoV = (1“’) 40 |§’| ) %[(G(d) + AGYE -] (4.16)

under the change of the branch conductances, G — G’ = G + AG.
This time, the voltages V' are recovered to V by the change of the external source currents as
t — ¢/ =1+ A This is realized by

@y
V' - <1<b> + hﬁj ) %[(G(d) + AGYNE — (i+ A=V, (4.17)

which is led to the following equations.

h h AGDh
—[(GY + AGNE — (i + AD)] = — (1<b> + G) (GYE —7), (4.18)
gl 9] 9]
1 ar= g [E — }—L(G@)E — z)] = ﬂAG@)(E -V). (4.19)
9] lg] 9] lg]
Then we again a similar result, which is
Al = AGYE -V)+H A (with AJ € R! being arbitrary) . (4.20)
Contrary to A7, the currents A: have no ambiguities because
Av=pPA; = pPIAGYE - V) . (4.21)

The change of the branch voltages under the independent change of the conductances is similarly
calculated as

AV =V -V (4.22)
A (d) -1 A v(d)
= I%I (1<”> + qul h) {(G(d) +AGNE — i - (1“’) + 7C|’q| h) (GYWE - z)} (4.23)
@p\ "t @p\ L
= ﬁ (1<b> + AG| | h) AGE-V) = |—h| <1<b> + AC; | h > (AT =DOAT) (4.24)
g g g g
Dpy
= h (1(b) + M) AL (4.25)
lg] lg]
h () @y _ -
= o (Y +ace—z| - =v| . (426)
9llasarac E—0, —— Al G—G+AG, E—0, i—— Al
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4.3 A Graph Formula for the Four-terminal Circuit

Let G be the graph of a four-terminal circuit. By adding new branches ej and/or e; connecting the pair
of input/output terminals, we introduce the following graphs.

+

G =GUe, G =GUey, G =GUeiUe, (4.27)
. . . +- -+ ++
We also express their fundamental resistance matrices as [r* |, |» | and |r |
Since the solution of the tie-set equation for the circuit G with no external source currents contains

_Ia Vil

FiVi— Ty Ve ‘
I e o Iy= ”ﬂ% . (Bi=Ry=0), (4.28)

in the input/output sector, we can rearrange the partial solution (4.28) as

++ ++
Vi . P r| vy
= —F et ot (4.29)
I o | ity —hidiy e I
|7,,++| Jii

Furthermore, making use of the reduction formulae and relations between different graphs such as

f++ f++ -
1 ii /12 | + - ++ —+ )
] = 3ROR. Irl fss =Ir 1 fig =1Ir 1, (4.30)
N 208
21 /23
we can rewrite the r.h.s. of (4.29) and finally obtain that
L ‘
F = —- 4 (Rl = R2 B 0) (431)
fsr \ Il el

for the four-terminal constants F.
It is possible to evaluate the all factors at the r.h.s. of (4.31) using the following formulae[3].

r=>" 11 B, fij_;|:g:| [S] S IT & (4.32)

T ercT T°>C ekeﬁ
. . . C .
(The symbols C' and T° denote a tie-set and a pseudotree, respectively, in G, and [ . ] means the tie-set

index, with which the elements of tie-set matrix are written as p(c.) = [(é‘)‘ ] .) Therefore, Eq.(4.31) is

(s 2 .
(3
nothing but the graph formula to calculate the matrix elements of F'.

5 Summary

Taking advantage of the ambiguity originated from the external source currents, we obtained an expres-
sion of the solution for a wide class of electric circuit equations which is independent of a particular

15
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set of tree and cotree of the graph. We also obtained certain reduction formulae, and applied them to
the compensation theorems and to a graph formula for the four-terminal constants. We found that the
present formulae prove extremely powerful in symmetric calculations and in relating the different types
of circuit graphs.
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