Eigenvalue equation of optical transmission fiber considering cross-phase modulation (XPM) induced instability

PAPER

Eigenvalue equation of optical transmission fiber considering
cross-phase modulation (XPM) induced instability

Wataru Imajuku”

mAbstract
The capacity of wavelength division multiplexing (WDM) based optical fiber transmission systems has been limited mainly by the noise
power of optical signal and the degree of the distortion of optical signal pulse form. Specifically, nonlinear phase noise which is one of the
noise power source has become the most important limiting factor of the WDM based coherent optical transmission systems. And, it is
well-known that the source of the nonlinear phase noise power is cross-phase modulation (XPM) interaction occurring amongst the optical
signals divided in wavelength space. This paper provides an eigenvalue equation of optical transmission fibers including the the XPM-
induced interaction for the first time. This achievement paves the way to establish semi-analytical system design methodology and realize

phase noise tolerant optical fiber transmission systems.
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1. Introduction

The capacity of wavelength division multiplexing (WDM) based optical fiber transmission systems has been limited
mainly by the noise power of optical signal and the degree of the distortion of optical signal pulse form. Huge amount of
research and development efforts related to this technological area have been devoted to combat with those two factors
for more than several 30 years. The recent invention and commercialization of digital coherent detection technology™
greatly reduced the limiting factor originating from the latter one. This technology opened new vista to compensate
optical signal pulse form distortion caused in optical transmission fiber by applying digital matching filter at optical
receiver. As a result, the major limiting factor of the state-of-the art “coherent” optical fiber transmission systems
has become the noise power of optical signals. The coherent optical fiber transmission systems employ optical phase
modulation format. Therefore, the optical phase noise power is dominant factor to determine the system performance of
those systems?.

The optical phase noise originates from quantum nature of optical signals. It is well known that laser light source
can generate almost ideal “coherent” state in the standard quantum limit and make the detector more high sensitive
by employing appropriate local oscillator. On the other hand, it is also well-known that the existence of nonlinear
refractive index in the optical transmission fiber induces number of nonlinear effects including the “nonlinear” phase
noise. The nonlinear phase noise is the converted intensity noise components via the nonlinear refractive index in the

optical transmission fiber and the phase noise power can be augmented exponentially in some conditions™. In addition,
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the nonlinear phase noise power augmentation can be induced by the intensity noise of other optical signal channels in
the WDM based optical fiber transmission systems. This is one of inter-channel nonlinear coupling within the optical
transmission fiber and known as cross-phase modulation (XPM)™. Thus, the nonlinear refractive index of optical
transmission fiber induces and augments the nonlinear phase noise power as the propagation of optical signals with the
optical transmission fibers.

While number of methodologies have been proposed to mitigate the degradation of the system performance caused

BH there is strong industrial demand developing analytical or semi- analytical model to

by the nonlinear phase noise
understand characteristics of the nonlinear phase noise to help designers of the optical transmission systems both in
telecom carriers and system vendors as well. Recently, Additive White Gaussian Noise (AWGN) model proposed and has
been attracted much attention to estimate the nonlinear phase noise power considering the XPM effect™ ™ Although the
proposed methodology provides the way to clearly understand the relationship between the nonlinear phase noise power
and optical signal intensity in the WDM based optical fiber transmission systems, the methodology does not cover the
case of non-uniform noise spectra. The case might occurs, specifically if the nonlinear phase noise augmentation condition
is satisfied and so-called modulation instability is triggered within the optical transmission fibers. It is well known that the
modulation instability brings destructive impacts on the performance of the optical fiber transmission systems'™.

This paper proposes alternative methodology which allows the estimation of the nonlinear phase noise power even in
the case that the modulation instability is triggered. Especially, this paper provides the eigenvalue equation of the optical
transmission fiber including the XPM-induced modulation instability for the first time. The formulation will be conducted
by applying small signal analysis"® which linearlizes the nonlinear differential equation of the optical transmission
fibers. This approach provides a semi-analytical system design methodology in the process of the coherent optical fiber
transmission system construction planning and design and expected to help realizing phase noise tolerant optical fiber

transmission systems.

2. Small signal analysis including the XPM-induced modulation instabil- ity
The propagation property of the optical signal electrical field E, in the optical transmission fibers is governed by the

nonlinear Schrédinger equation (NLSE) as
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where z is the transmission distance, ¢ is time, « is the fiber loss coefficient, v, is the group velocity of the optical signals,
B, is the first-order group velocity dispersion (GVD), B, is the second-order GVD, y is the fiber nonlinear coefficient
defined by 2mn,/AA4,; n, is the nonlinear refractive index, 4,5 is the effective core area of the fiber, and 1 is the wavelength
of the optical carrier. The fiber nonlinear coefficient gives rise to a number of nonlinear effects in the optical transmission
fibers such as self-phase modulation (SPM), XPM, and so on.

The XPM-induced modulation instability being focused in this paper can be analyzed by assuming two optical signal
channels and the nonlinear interaction between them. In Eq. (21), the electrical field E,(z) is assumed as the summation

of two optical signal channel components with the center optical frequencies of w, and w, as

Es = —[Eyexp [i(K1z — w,t)] + Esexp [i( Koz — wot)]] + c.c., (22)

b | =

where c.c. denotes complex conjugate component of the electrical fields. Those two optical signal channel components
are denoted as E,(z) and E,(z), respectively. Figure 1 shows the relationship between the two optical signal channels in

optical frequency domain. Those two optical signal channels are interacted each other via the fiber nonlinear coefficient, i.e.
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the intensity of the optical signal channel 2 causes the optical phase rotation in the optical signal channel 1 and vice versa.

The strict solution of the NLSE for the two optical signal channels can only be solved by numerical calculation. The
Split-Step Fourier Method is most commonly utilized methodology to understand the behavior of the solutions. It requires
a number of time consuming studies to understand the tendency of solutions; nevertheless the numerical calculation
does not always provide clear understanding of the tendency of solutions. Therefore, this paper tries to introduce the
small signal approximation to under the effect of the XPM-induced modulation instability. In the small signal analysis, the
optical signal is considered as the summation of the stationary components and the perturbative in-phase and quadrature-
phase noise components with the offset optical angular frequency of w,, as shown in Fig. 2. This model is considered to be
applicable for the analysis of the digital coherent transmission systems, since the intensity of the optical signal is constant
and the phase modulation format is employed in those systems.

Let small signal analysis be applied for each optical signal channel component and the electrical field amplitude of the

signal light with noise at z be

E';_(Z) — -Actf.(z) + Am-i(z): (23)
Ami(2) = (@i (2) + b} (2)) exp (—iwmt) + (¢ (2) — id} (2)) exp (iwmt), (24)
A
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Figure 2
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where i is optical signal channel number, 4., is the stationary amplitude of a carrier with the wavelength channel of i, ®
is the off-set angular frequency of the noise components (treated as small signal components), and al(z), bi(z), ci(z), d}(2)
denote perturbative in-phase and quadrature-phase noise components with the offset optical angular frequency of w,, from
the center frequency of the wavelength channels i.

The substitution of Egs. (2.2) - (24) into Eq. (2.1) leads four frequency components, ie. exp [—i (w,+®,)f], exp[—i (@,
—w,)t], exp[—i (w,t®,)t], and exp[—i (w;—,)t]. The separation of real components and imaginary components leads eight

simultaneous differential equations as follows:
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where v, is the group velocity of the optical signals in wavelength channel i, 5, is the first-order group velocity dispersion
(GVD) in wavelength channel i, f; is the second-order GVD in wavelength channel i. The fiber nonlinear coefficient y is
assumed as the constant value in each wavelength channel.

Now the modulation components in Eq. (24) are converted to
Ami(2) = (a}(2) + ib}(2)) coswmt + (¢i(2) + idi(2)) sinwpt, (213)

where a/(z), b(z), c/(z), and d}(z) are defined as

aj(z) = aj(z)+d(2), (214)

bi(z) = bi(2)—di(2), (215)
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cd(z) = =bl(z)—d!(z), (2.16)
di(z) = al(z)—cl(2). (217)

The terms of a/(z), ¢/(z) are in-phase components and b; (z), d/(z) are quadrature-phase components. In the digital coherent
optical fiber transmission systems, the phase noise power of the optical signals in wavelength channel i detected at an

intra-dyne receiver is given as
N = 4(< b*(2) > + < d?*(2) >)E?,B, (218)

where E?,and B are the local oscillator power and receiver bandwidth at the intra-dyne receiver, respectively.

Therefore, the signal-to-noise power ratio (SNR) at the intra-dyne receiver is given as

S _ |Aci|2E%O _ |Am‘|2

SNR=— = = .
N 4<V2(z) >+ <d?(z) >)Ei,B  4(<V?(z) >+ < d?*(z) >)B

(2.19)

Thus, the quadrature-phase noise components b/(z), d;(z) should be calculated to obtain the phase noise power and the SNR
at the intra-dyne receiver.
After the conversion of variables in Eqgs. (2.14)-(217), the eight simultaneous linear differential equations of Eqs. (25)-

(212) can be greatly simplified as

B = Jhm(a) - (224 ) o)

- ’Y(|/1c1‘|2 — AZ)b; (h) - 27Acz(A* Agj)bj(2), (2.20)

+ “/(IAca|2 + Ai)ﬂra("«’) + 27Ai(A% + Acj)aj(z), (221)
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dd;iz) = %ﬁ?iwfnci(z) + (w_: + %53@2;) bi(z)

(Al + AZ)ei(2) + 2y A (Al + Acy)es(2), o

by introducing variables defined as :

ai(2) + bi(2) + ci(2) + di(z) = (a'(2) 4V (2) + ¢(2) + d (2) /2P, 22
/ —az’

Po=Aal = | ag = 12E T 2 ap (225)
Z

Here, i and j denote wavelength channel number of the optical signals. The variable i takes the value of 1 or 2, while j
takes the value of 2 or 1, respectively.

The eight simultaneous linear differential equation can be expressed in the form of a matrix
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(2.28)

(229)

(2.30)

(231)

(232)

The terms including p; and/or ¢, indicates the coupling of wavelength channel i and j. The XPM is incorporated in

those terms.

The further simplification can be achieved if the argument of 4,; is considered as O [rad] and the average power of the

optical signals in each wavelength channel is the same, ie.|A4,| = |4.]. Equations (228), (229), (231) and (2.32) become

&
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Thus, Eq. (226) can be further simplified as
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(2.34)
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(2.36)

(237)



Eigenvalue equation of optical transmission fiber considering cross-phase modulation (XPM) induced instability

The solution of a,(z), by(z), ¢i(z), di(z), axz), byz), ciz), diz) includes linearly coupled eight terms respectively and each term

is given in the form of

f(z) = cpiexp(Az) = ¢y exp(iK z), (2.38)
where 1 and K are the eigenvalue of the eight simultaneous linear differential equation, ¢,; is the constant value determined by
boundary conditions, and the value of ¢,; differs term-by-term basis in general.

Therefore, the differential operator D in Eq. (2.37) can be replaced by iK and the determinant of the matrix [M] is

forced to satisfy

iK m 6 0 0 0 0 0

M| = = 0. (239)

0 0 0 0 K 15 6 0
—pa 0 0 0 —e iK 0 6,
0 0 0 0 -6 0 iK 1.
0 0 —p, 0 0 =0 -z iK

The further calculation of Eq. (2.39) leads

[(K? = exm — 63)* — 4e1m,87) [(K? — eama — 02)* — 4€21202) = Cxpurs (240)
C% par = 202" + 4mnab:020% (8, + 62)% — (8, + 82 — VErrn)? — (81 + 82 — /Eatia)?] - (241)

Those are the analytical eigenvalue equation of the optical transmission fiber taking into account the XPM-induced
modulation instability. The first element of left-hand side term in Eq. (240) is the eigenvalue equation for wavelength
channel i =1. The second element of left-hand side term in Eq. (240) is the eigenvalue equation for wavelength channel i
=2. Cypy is the terms indicating the coupling of wavelength channel 1 and 2. K has eight solutions and those are considered
as the eigenvalues of the optical transmission fiber taking into account the XPM-induced modulation instability. The
analytical solution of K provides the analytical noise component functions, a,(z), b,(z), ¢\(z), d\(z), afz), byz), c)z), dfz), which
allows obtaining analytical transfer matrix of the optical transmission fiber including the XPM-induced modulation

[14]

instability' ~. The implication of the obtained analytical eigenvalue equation will be evaluated and discussed in the next

section.

3. Implication of the eigenvalue equation including XPM-induced mod-ulation instability
The analytical eigenvalue equation of Eq. (240) obtained in former section is eighth order linear algebraic equation of K.
Therefore, the eigenvalue equation not always provide analytical solution of K according to algebraic theory. However, the

analytical solution can be obtained in some conditions and it is intuitive to evaluate the solution in the conditions.

3.1 The case without XPM-induced modulation instability
As a first step, this paper addresses the case without the XPM-induced modulation instability. In this case, the value of

p is 0 and the analytical eigenvalue equation of (240) becomes

17
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[(1(2 —em —6%)2 — 451n16f] [(K2 — &My — 02)% — 452n25§] =0. (31)

Thus, it is obvious that the eigenvalue equation can be decoupled into two components. The solution of K for the optical

signal in wavelength channel i is given as
K = £(\/e1mi — 61), £(Verm + 61), £(V/eami — d2), £(V/Eame + 02). (32)

Therefore, the noise component functions, a,(z), by(z), ¢(z), di(2), aAz), byz), c,z), dfz) are also decou-pled per channel basis

as well. Thus, the noise component functions are given as :

cos (1/giniz) cos (8;2) —+/ni/€isin (\/Einiz) cos (6;2)

a;i(z)

bi(2) _ Vi /ni sin (\/Einiz) cos (0;2) cos (/Einiz) cos (;2)
ci(z) cos (y/Ziniz) sin (6;2) —\/mi/€isin (\/Ein;z) sin (§;2)
di(z) V&i/nisin (/Einiz) sin (6;2) cos (/:1iz) sin (0;2)

£

o
=

— cos (\/Ein;z) sin (6;2) V/ni/€isin (Einiz) sin (6;2)
—+/zi/nisin (\/Emiz) sin (6;2) — cos (y/Eimiz) sin (6;2)

cos (/Einiz) cos (0;2) —\/ni/zisin (\/Emiz) cos (6;2)
VEi/misin (/Zimiz) cos (6;2) cos (y/Einiz) cos (0;z) d;

£

)
% » (33)
)

where the boundary conditions of the noise components in wavelength channel i at z = 0 are assumed as ,0), 5,0), ¢(0),
d{0) and i takes the value of 1 or 2. The solution of the eigenvalue equation provides analytical transfer function of the

noise components for the optical transmission fiber.

3.2 The case with zero GVD
This case makes f, = f» = 0 and greatly simplifies the the analytical eigenvalue equation of Eq. (240). The further

calculation leads

[(K? = 67)%] [(K* —63)°] =0. (34)

The solution of K for the optical signals in wavelength channel i is given as doubly degenerated value with
K = +6;, +£6,. (35)

3.3 The case without the group-velocity mismatch and second-order GVD

The analytical eigenvalue equation of Eq. (240) can be greatly simplified in the case that the group- velocity mismatch
between wavelength channels can be ignored and the second-order GVD, fs is 0.

In this condition, time ¢ can be replaced by relative time T which has relationship of

Z Z
e (36)

Vg1 Vg2
Let the electrical field amplitude of the signal light with noise at z be

Ami(2) = (ai(2) + ibi(2)) coswn, T + (ci(2) + id}(z)) sin wy, T. (37)

This case derives the condition of 6, = &, =0 in the eigenvalue equation of (240). Thus, the eigenvalue equation of Eq. (240)

becomes
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(K% — e1m)?] [(K? = eamp)®] = ninp*. (38)

The solution of the eigenvalue equation can be analytically derived as
1/2

) 5 1/2
Koy |8mtem l(eml cz??z) :E?h?bpz} ’ (39

2 2

This solution becomes unstable if the variable K becomes imaginary part for some values of w,. The noise component
functions of a,(z), by(z), ¢,(z), d\(2), afz), byz), c,z), diz) experience an exponential growth along the fiber.

In the presence of the XPM coupling, Eq. (39) can be unstable, if the condition

9 1/2

E1r EaT: g1MmM — €

e (%) Emme?| <o, (310)
is satisfied. In the case of

e1m + €21 1M1 — € 2 v

K |am ! 2 ( 1M . ~zn2) +n1nzp‘2] | (311)
Eq. (310) is expressed as

[wm /wey + 1w, /we, +1] < 4, (312)

wei = \/ 4YP/|Bail. (313)

The most important conclusion from Eq. (312) is that the XPM-induced modulation instability can occur irrespective of
the signs of B, Now, let the values of | B, 7, and P be 10 [ps®/km], 20 [I/km/W], and 20 [mW]. The value of £, becomes

fei = wei/2m = \/47P/|Bai| = \/4 X 2 X 0.002/(10 x 10724) =~ 6 x 10”3 [THz|. (314)

Thus, the frequency condition satisfying Eq. (3.12) is in the order of <10 [GHz], if the optical signals are transmitted
in the dispersion shifted single mode optical fibers (DSFs). The phase noise bandwidth of the XPM-induced modulation
instability cannot be negligible in the case of DSFs. Although the condition is mitigated by half if the WDM-based
coherent optical fiber transmission system employs standard single ode fibers (SMFs), the XMP-induced modulation
instability can be destructive factor to limit the system performance. Thus, the XPM-induced modulation instability is
one of non-negligible factor in the fibers widely utilized globally. The XPM-induced modulation instability need to be

addressed in the process of the system design.

4. Conclusion

This paper addressed the nonlinear phase noise including XPM-based modulation instability in the WDM-based
coherent optical fiber transmission systems theoretically. Different from conventional approach based on numerical
calculation of the NLSE, the small signal analysis successfully provided the set of eight simultaneous linear differential
equations. The set of equations forms the eigenvalue equations of the NLSE. The XPM-induced modulation instability was
clearly explained by using the obtained eigenvalue equations. The solution of the eigenvalue equation provided intuitive
results that the XPM-induced modulation insta bility is the phenomena need to be addressed in the process of the systems
design. The instable condition might occur in the frequency range of <10 [GHz] irrespective to the sign of the GVD f, of
the WDM-based coherent optical fiber transmission systems with the DSFs. The frequency range can be reduced by half
in that with the SMFs.

Simultaneously, the results indicate that the importance of developing the methodology to reduce the non- linear phase
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noise as the author proposed previously in Ref. 8 The author believe the proposed methodology employing Periodically
Poled Lithium Niobate (PPLN) waveguides™ applicable even in the condition that the XPM-based modulation instability
is dominant. It is preferable to conduct theoretical study to estimate the impact of the proposed methodology in the
case that the XPM-induced modulation instability is dominant. To reach this goal, the noise component functions for the

eigenvalues obtained, which was missing portion in this paper, should be addressed.
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